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APPENDIX D

Often-Used Identities

  cos x cos y = 1
2 cos 1x + y2 + 1

2 cos 1x − y2  (D.1)

  sin x sin y = −1
2 cos 1x + y2 + 1

2 cos 1x − y2  (D.2)

  sin x cos y = 1
2 sin 1x + y2 + 1

2 sin 1x − y2  (D.3)

  cos x sin y = 1
2 sin 1x + y2 − 1

2 sin 1x − y2  (D.4)

  sin 1x { y2 = sin x cos y { cos x sin y  (D.5)

  cos 1x { y2 = cos x cos y | sin x sin y  (D.6)

  cos2 x = 1
2 11 + cos 2x2  (D.7)

  sin2 x = 1
2 11 − cos 2x2  (D.8)

  sin x cos x = 1
2 sin 2x  (D.9)

  sin x + sin y = 2 sin 121x + y2  cos 121x − y2  (D.10)

  sin x − sin y = 2 cos 121x + y2  sin 121x − y2  (D.11)

  cos x + cos y = 2 cos 121x + y2  cos 121x − y2  (D.12)

  cos x − cos y = −2 sin 121x + y2  sin 121x − y2  (D.13)

  sin x =
ejx − e−jx

2j
 (D.14)

  cos x =
ejx + e−jx

2
 (D.15)
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Often-Used Identities  App. D2

 PB =
1
n

 a
n

j=2
 j an

j
b  p j11 − p2n− j = p − p11 − p2n−1 (D.16)

Proof:

    j an
j
b = j 

n!
j!1n − j2 !

=
n!

1 j − 12 !1n − j2 !
= n 

1n − 12 !

1 j − 12 !31n − 12 − 1 j − 124 !

  = n an − 1
j − 1

b

  PB = a
n

j=2
 an − 1

j − 1
b  p j11 − p2n− j = pa

n

j=2
 an − 1

j − 1
b  p j−111 − p2 1n−12−1j−12

Change of parameter: i = ( j − 1)
Therefore, ( j = 2) becomes (i = 1), and ( j = n) becomes (i = n − 1).

  PB = p a
n−1

i=1
 an − 1

i
b  pi11 − p2 1n−12− i

  = p a
n−1

i=1
 c an − 1

i
b  pi11 − p2 1n−12− i d − p an − 1

0
b  p011 − p2 1n−12−0

  = p31 − 11 − p2n−14

  = p − p11 − p2n−1
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