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CHAPTER 4

The Algorithm Structure
Design Space

4.1 INTRODUCTION

4.2 CHOOSING AN ALGORITHM STRUCTURE PATTERN
4.3 EXAMPLES

4.4 THE TASK PARALLELISM PATTERN

4.5 THE DIVIDE AND CONQUER PATTERN

4.6 THE GEOMETRIC DECOMPOSITION PATTERN

4.7 THE RECURSIVE DATA PATTERN

4.8 THE PIPELINE PATTERN

4.9 THE EVENT-BASED COORDINATION PATTERN

4.1 INTRODUCTION

The first phase of designing a parallel algorithm consists of analyzing the problem
to identify exploitable concurrency, usually by using the patterns of the Finding
Concurrency design space. The output from the Finding Concurrency design space
is a decomposition of the problem into design elements:

e A task decomposition that identifies tasks that can execute concurrently

e A data decomposition that identifies data local to each task

A way of grouping tasks and ordering the groups to satisfy temporal constraints

An analysis of dependencies among tasks

These elements provide the connection from the Finding Concurrency design
space to the Algorithm Structure design space. Our goal in the Algorithm Structure
design space is to refine the design and move it closer to a program that can execute
tasks concurrently by mapping the concurrency onto multiple UEs running on a
parallel computer.

Of the countless ways to define an algorithm structure, most follow one of
six basic design patterns. These patterns make up the Algorithm Structure design
space. An overview of this design space and its place in the pattern language is
shown in Fig. 4.1.

The key issue at this stage is to decide which pattern or patterns are most
appropriate for the problem.
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| Finding Concurrency |

Algorithm Structure

Organize By Tasks Organize By Data Decomposition

El Task Parallelism |

| Geometric Decomposition |

| Recursive Data |

| Supporting Structures |

| Implementation Mechanisms |

Figure 4.1: Overview of the Algorithm Structure design space and its place in the pattern language

First of all, we need to keep in mind that different aspects of the analysis can
pull the design in different directions; one aspect might suggest one structure while
another suggests a different structure. In nearly every case, however, the following
forces should be kept in mind.

e Efficiency. It is crucial that a parallel program run quickly and make good
use of the computer resources.

e Simplicity. A simple algorithm resulting in easy-to-understand code is easier
to develop, debug, verify, and modify.

e Portability. Ideally, programs should run on the widest range of parallel
computers. This will maximize the “market” for a particular program. More
importantly, a program is used for many years, while any particular computer
system is used for only a few years. Portable programs protect a software
investment.

e Scalability. Ideally, an algorithm should be effective on a wide range of
numbers of processing elements (PEs), from a few up to hundreds or even
thousands.

These forces conflict in several ways, however.

Efficiency conflicts with portability: Making a program efficient almost always
requires that the code take into account the characteristics of the specific system
on which it is intended to run, which limits portability. A design that makes use
of the special features of a particular system or programming environment may
lead to an efficient program for that particular environment, but be unusable for
a different platform, either because it performs poorly or because it is difficult or
even impossible to implement for the new platform.

Efficiency also can conflict with simplicity: For example, to write efficient
programs that use the Task Parallelism pattern, it is sometimes necessary to use
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4.2 Choosing an Algorithm Structure Pattern 59

complicated scheduling algorithms. These algorithms in many cases, however, make
the program very difficult to understand.

Thus, a good algorithm design must strike a balance between (1) abstraction
and portability and (2) suitability for a particular target architecture. The challenge
faced by the designer, especially at this early phase of the algorithm design, is to
leave the parallel algorithm design abstract enough to support portability while
ensuring that it can eventually be implemented effectively for the parallel systems
on which it will be executed.

4.2 CHOOSING AN ALGORITHM STRUCTURE PATTERN

Finding an effective Algorithm Structure pattern for a given problem can be accom-
plished by considering the questions in the following sections.

4.2.1 Target Platform

What constraints are placed on the parallel algorithm by the target machine or
programming environment?

In an ideal world, it would not be necessary to consider the details of the
target platform at this stage of the design, because doing so works against keeping
the program portable and scalable. This is not an ideal world, however, and software
designed without considering the major features of the target platform is unlikely
to run efficiently.

The primary issue is how many units of execution (UEs) the system will
effectively support, because an algorithm that works well for ten UEs may not work
well for hundreds of UEs. It is not necessary to decide on a specific number (in fact
to do so would overly constrain the applicability of the design), but it is important
to have in mind at this point an order of magnitude for the number of UEs.

Another issue is how expensive it is to share information among UEs. If there
is hardware support for shared memory, information exchange takes place through
shared access to common memory, and frequent data sharing makes sense. If the
target is a collection of nodes connected by a slow network, however, the com-
munication required to share information is very expensive and must be avoided
wherever possible.

When thinking about both of these issues—the number of UEs and the cost
of sharing information—avoid the tendency to over-constrain the design. Software
typically outlives hardware, so over the course of a program’s life it may be used
on a tremendous range of target platforms. The goal is to obtain a design that
works well on the original target platform, but at the same time is flexible enough
to adapt to different classes of hardware.

Finally, in addition to multiple UEs and some way to share information among
them, a parallel computer has one or more programming environments that can
be used to implement parallel algorithms. Different programming environments
provide different ways to create tasks and share information among UEs, and a
design that does not map well onto the characteristics of the target programming
environment will be difficult to implement.
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4.2.2 Major Organizing Principle

When considering the concurrency in the problem, is there a particular way of
looking at it that stands out and provides a high-level mechanism for organizing
this concurrency?

The analysis carried out using the patterns of the Finding Concurrency de-
sign space describes the potential concurrency in terms of tasks and groups of tasks,
data (both shared and task-local), and ordering constraints among task groups. The
next step is to find an algorithm structure that represents how this concurrency
maps onto the UEs. There is usually a major organizing principle implied by the
concurrency. This usually falls into one of three camps: organization by tasks, orga-
nization by data decomposition, and organization by flow of data. We now consider
each of these in more detail.

For some problems, there is really only one group of tasks active at one time,
and the way the tasks within this group interact is the major feature of the con-
currency. Examples include so-called embarrassingly parallel programs in which the
tasks are completely independent, as well as programs in which the tasks in a single
group cooperate to compute a result.

For other problems, the way data is decomposed and shared among tasks
stands out as the major way to organize the concurrency. For example, many prob-
lems focus on the update of a few large data structures, and the most productive
way to think about the concurrency is in terms of how this structure is decomposed
and distributed among UEs. Programs to solve differential equations or carry out
linear algebra computations often fall into this category because they are frequently
based on updating large data structures.

Finally, for some problems, the major feature of the concurrency is the pres-
ence of well-defined interacting groups of tasks, and the key issue is how the
data flows among the tasks. For example, in a signal-processing application, data
may flow through a sequence of tasks organized as a pipeline, each performing a
transformation on successive data elements. Or a discrete-event simulation might
be parallelized by decomposing it into a tasks interacting via “events”. Here, the
major feature of the concurrency is the way in which these distinct task groups
interact.

Notice also that the most effective parallel algorithm design might make use
of multiple algorithm structures (combined hierarchically, compositionally, or in se-
quence), and this is the point at which to consider whether such a design makes
sense. For example, it often happens that the very top level of the design is a se-
quential composition of one or more Algorithm Structure patterns. Other designs
might be organized hierarchically, with one pattern used to organize the interac-
tion of the major task groups and other patterns used to organize tasks within the
groups—for example, an instance of the Pipeline pattern in which individual stages
are instances of the Task Parallelism pattern.

4.2.3 The Algorithm Structure Decision Tree

For each subset of tasks, which Algorithm Structure design pattern most effectively
defines how to map the tasks onto UEs?
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Figure 4.2: Decision tree for the Algorithm Structure design space

Having considered the questions raised in the preceding sections, we are now
ready to select an algorithm structure, guided by an understanding of constraints
imposed by the target platform, an appreciation of the role of hierarchy and com-
position, and a major organizing principle for the problem. The decision is guided
by the decision tree shown in Fig. 4.2. Starting at the top of the tree, consider the
concurrency and the major organizing principle, and use this information to select
one of the three branches of the tree; then follow the upcoming discussion for the
appropriate subtree. Notice again that for some problems, the final design might
combine more than one algorithm structure: If no single structure seems suitable,
it might be necessary to divide the tasks making up the problem into two or more
groups, work through this procedure separately for each group, and then determine
how to combine the resulting algorithm structures.

Organize By Tasks. Select the Organize By Tasks branch when the execution of
the tasks themselves is the best organizing principle. Then determine how the tasks
are enumerated. If they can be gathered into a set linear in any number of dimen-
sions, choose the Task Parallelism pattern. This pattern includes both situations
in which the tasks are independent of each other (so-called embarrassingly parallel
algorithms) and situations in which there are some dependencies among the tasks
in the form of access to shared data or a need to exchange messages. If the tasks
are enumerated by a recursive procedure, choose the Divide and Conquer pattern.
In this pattern, the problem is solved by recursively dividing it into subproblems,
solving each subproblem independently, and then recombining the subsolutions into
a solution to the original problem.

Organize By Data Decomposition. Select the Organize By Data Decomposi-
tion branch when the decomposition of the data is the major organizing principle
in understanding the concurrency. There are two patterns in this group, differing
in how the decomposition is structured—Ilinearly in each dimension or recursively.
Choose the Geometric Decomposition pattern when the problem space is decom-
posed into discrete subspaces and the problem is solved by computing solutions for
the subspaces, with the solution for each subspace typically requiring data from a
small number of other subspaces. Many instances of this pattern can be found in
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62 Chapter 4 The Algorithm Structure Design Space

scientific computing, where it is useful in parallelizing grid-based computations, for
example. Choose the Recursive Data pattern when the problem is defined in terms
of following links through a recursive data structure (for example, a binary tree).

Organize By Flow of Data. Select the Organize By Flow of Data branch when
the major organizing principle is how the flow of data imposes an ordering on the
groups of tasks. This pattern group has two members, one that applies when this
ordering is regular and static and one that applies when it is irregular and/or
dynamic. Choose the Pipeline pattern when the flow of data among task groups is
regular, one-way, and does not change during the algorithm (that is, the task groups
can be arranged into a pipeline through which the data flows). Choose the Event-
Based Coordination pattern when the flow of data is irregular, dynamic, and/or
unpredictable (that is, when the task groups can be thought of as interacting via
asynchronous events).

4.2.4 Re-evaluation

Is the Algorithm Structure pattern (or patterns) suitable for the target platform?
It is important to frequently review decisions made so far to be sure the chosen
pattern(s) are a good fit with the target platform.

After choosing one or more Algorithm Structure patterns to be used in the de-
sign, skim through their descriptions to be sure they are reasonably suitable for the
target platform. (For example, if the target platform consists of a large number of
workstations connected by a slow network, and one of the chosen Algorithm Struc-
ture patterns requires frequent communication among tasks, it might be difficult to
implement the design efficiently.) If the chosen patterns seem wildly unsuitable for
the target platform, try identifying a secondary organizing principle and working
through the preceding step again.

4.3 EXAMPLES

4.3.1 Medical Imaging

For example, consider the medical imaging problem described in Sec. 3.1.3. This
application simulates a large number of gamma rays as they move through a body
and out to a camera. One way to describe the concurrency is to define the simulation
of each ray as a task. Because they are all logically equivalent, we put them into a
single task group. The only data shared among the tasks is a large data structure
representing the body, and since access to this data structure is read-only, the tasks
do not depend on each other.

Because there are many independent tasks for this problem, it is less necessary
than usual to consider the target platform: The large number of tasks should mean
that we can make effective use of any (reasonable) number of UEs; the independence
of the tasks should mean that the cost of sharing information among UEs will not
have much effect on performance.

Thus, we should be able to choose a suitable structure by working through the
decision tree shown previously in Fig. 4.2. Given that in this problem the tasks are
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independent, the only issue we really need to worry about as we select an algorithm
structure is how to map these tasks onto UEs. That is, for this problem, the major
organizing principle seems to be the way the tasks are organized, so we start by
following the Organize By Tasks branch.

We now consider the nature of our set of tasks—whether they are arranged
hierarchically or reside in an unstructured or flat set. For this problem, the tasks
are in an unstructured set with no obvious hierarchical structure among them, so
we choose the Task Parallelism pattern. Note that in the problem, the tasks are
independent, a fact that we will be able to use to simplify the solution.

Finally, we review this decision in light of possible target-platform consider-
ations. As we observed earlier, the key features of this problem (the large number
of tasks and their independence) make it unlikely that we will need to reconsider
because the chosen structure will be difficult to implement on the target platform.

4.3.2 Molecular Dynamics

As a second example, consider the molecular dynamics problem described in
Sec. 3.1.3. In the Task Decomposition pattern, we identified the following groups of
tasks associated with this problem:

e Tasks that find the vibrational forces on an atom
e Tasks that find the rotational forces on an atom

Tasks that find the nonbonded forces on an atom

e Tasks that update the position and velocity of an atom

A task to update the neighbor list for all the atoms

The tasks within each group are expressed as the iterations of a loop over the
atoms within the molecular system.

We can choose a suitable algorithm structure by working through the decision
tree shown earlier in Fig. 4.2. One option is to organize the parallel algorithm in
terms of the flow of data among the groups of tasks. Note that only the first
three task groups (the vibrational, rotational, and nonbonded force calculations)
can execute concurrently; that is, they must finish computing the forces before the
atomic positions, velocities and neighbor lists can be updated. This is not very
much concurrency to work with, so a different branch in Fig. 4.2 should be used for
this problem.

Another option is to derive exploitable concurrency from the set of tasks
within each group, in this case the iterations of a loop over atoms. This suggests an
organization by tasks with a linear arrangement of tasks, or based on Fig. 4.2, the
Task Parallelism pattern should be used. Total available concurrency is large (on
the order of the number of atoms), providing a great deal of flexibility in designing
the parallel algorithm.

The target machine can have a major impact on the parallel algorithm for this
problem. The dependencies discussed in the Data Decomposition pattern (replicated
coordinates on each UE and a combination of partial sums from each UE to compute
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a global force array) suggest that on the order of 2 + 3 + N terms (where N is the
number of atoms) will need to be passed among the UEs. The computation, however,
is of order n + N, where n is the number of atoms in the neighborhood of each atom
and considerably less than N. Hence, the communication and computation are of
the same order and management of communication overhead will be a key factor
in designing the algorithm.

‘EEE 4.4 THE TASK PARALLELISM PATTERN

Problem

When the problem is best decomposed into a collection of tasks that can execute
concurrently, how can this concurrency be exploited efficiently?

Context

Every parallel algorithm is fundamentally a collection of concurrent tasks. These
tasks and any dependencies among them can be identified by inspection (for simple
problems) or by application of the patterns in the Finding Concurrency design
space. For some problems, focusing on these tasks and their interaction might not
be the best way to organize the algorithm: In some cases it makes sense to organize
the tasks in terms of the data (as in the Geometric Decomposition pattern) or the
flow of data among concurrent tasks (as in the Pipeline pattern). However, in many
cases it is best to work directly with the tasks themselves. When the design is based
directly on the tasks, the algorithm is said to be a task parallel algorithm.

The class of task parallel algorithms is very large. Examples include the
following.

e Ray-tracing codes such as the medical-imaging example described in the Tusk
Decomposition pattern: Here the computation associated with each “ray” be-
comes a separate and completely independent task.

e The molecular-dynamics example described in the Task Decomposition pat-
tern: The update of the nonbonded force on each atom is a task. The depen-
dencies among tasks are managed by replicating the force array on each UE
to hold the partial sums for each atom. When all the tasks have completed
their contributions to the nonbonded force, the individual force arrays are
combined (or “reduced”) into a single array holding the full summation of
nonbonded forces for each atom.

e Branch-and-bound computations, in which the problem is solved by repeat-
edly removing a solution space from a list of such spaces, examining it, and
either declaring it a solution, discarding it, or dividing it into smaller solution
spaces that are then added to the list of spaces to examine. Such computations
can be parallelized using this pattern by making each “examine and process a
solution space” step a separate task. The tasks weakly depend on each other
through the shared queue of tasks.
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The common factor is that the problem can be decomposed into a collection of
tasks that can execute concurrently. The tasks can be completely independent (as
in the medical-imaging example) or there can be dependencies among them (as in
the molecular-dynamics example). In most cases, the tasks will be associated with
iterations of a loop, but it is possible to associate them with larger-scale program
structures as well.

In many cases, all of the tasks are known at the beginning of the computation
(the first two examples). However, in some cases, tasks arise dynamically as the
computation unfolds, as in the branch-and-bound example.

Also, while it is usually the case that all tasks must be completed before the
problem is done, for some problems, it may be possible to reach a solution without
completing all of the tasks. For example, in the branch-and-bound example, we
have a pool of tasks corresponding to solution spaces to be searched, and we might
find an acceptable solution before all the tasks in this pool have been completed.

Forces

e To exploit the potential concurrency in the problem, we must assign tasks to
UEs. Ideally we want to do this in a way that is simple, portable, scalable,
and efficient. As noted in Sec. 4.1, however, these goals may conflict. A key
consideration is balancing the load, that is, ensuring that all UEs have roughly
the same amount of work to do.

o If the tasks depend on each other in some way (via either ordering constraints
or data dependencies), these dependencies must be managed correctly, again
keeping in mind the sometimes-conflicting goals of simplicity, portability, scal-
ability, and efficiency.

Solution

Designs for task-parallel algorithms involve three key elements: the tasks and how
they are defined, the dependencies among them, and the schedule (how the tasks
are assigned to UEs). We discuss them separately, but in fact they are tightly
coupled, and all three must be considered before final decisions are made. After
these factors are considered, we look at the overall program structure and then at
some important special cases of this pattern.

Tasks. Ideally, the tasks into which the problem is decomposed should meet two
criteria: First, there should be at least as many tasks as UEs, and preferably many
more, to allow greater flexibility in scheduling. Second, the computation associated
with each task must be large enough to offset the overhead associated with man-
aging the tasks and handling any dependencies. If the initial decomposition does
not meet these criteria, it is worthwhile to consider whether there is another way
of decomposing the problem into tasks that does meet the criteria.

For example, in image-processing applications where each pixel update is in-
dependent, the task definition can be individual pixels, image lines, or even whole
blocks in the image. On a system with a small number of nodes connected by
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a slow network, tasks should be large to offset high communication latencies, so
basing tasks on blocks of the image is appropriate. The same problem on a sys-
tem containing a large number of nodes connected by a fast (low-latency) network,
however, would need smaller tasks to make sure enough work exists to keep all the
UEs occupied. Notice that this imposes a requirement for a fast network, because
otherwise the smaller amount of work per task will not be enough to compensate
for communication overhead.

Dependencies. Dependencies among tasks have a major impact on the emerging
algorithm design. There are two categories of dependencies, ordering constraints and
dependencies related to shared data.

For this pattern, ordering constraints apply to task groups and can be handled
by forcing the groups to execute in the required order. For example, in a task-
parallel multidimensional Fast Fourier Transform, there is a group of tasks for
each dimension of the transform, and synchronization or other program constructs
are used to make sure computation on one dimension completes before the next
dimension begins. Alternatively, we could simply think of such a problem as a
sequential composition of task-parallel computations, one for each task group.

Shared-data dependencies are potentially more complicated. In the simplest
case, there are no dependencies among the tasks. A surprisingly large number of
problems can be cast into this form. Such problems are often called embarrassingly
parallel. Their solutions are among the simplest of parallel programs; the main
considerations are how the tasks are defined (as discussed previously) and scheduled
(as discussed later). When data is shared among tasks, the algorithm can be much
more complicated, although there are still some common cases that can be dealt
with relatively easily. We can categorize dependencies as follows.

e Removable dependencies. In this case, the dependency is not a true de-
pendency between tasks, but an apparent dependency that can be removed by
simple code transformations. The simplest case is a temporary variable whose
use is completely local to each task; that is, each task initializes the variable
without reference to other tasks. This case can be handled by simply creating
a copy of the variable local to each UE. In more complicated cases, iterative
expressions might need to be transformed into closed-form expressions to re-
move a loop-carried dependency. For example, consider the following simple
loop:

int ii = 0, jj = 03

for(int i = 0; i< N; i++)
{
ii = ii + 1;
d[ii] = big_time_consuming_work(ii);
33 =33+ s
aljjl = other_big_calc(jj);
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The variables ii and jj create a dependency between tasks and prevent
parallelization of the loop. We can remove this dependency by replacing ii
and jj with closed-form expressions (noticing that the values of ii and i are
the same and that the value of jj is the sum of the values from 0 through i):

for(int i = 0; i< N; i++){

d[i] = big_time_consuming_work(i);
al(ixi+i)/2] = other_big_calc((ixi+i)/2));
}

“Separable” dependencies. When the dependencies involve accumulation
into a shared data structure, they can be separated from the tasks (“pulled
outside the concurrent computation”) by replicating the data structure at
the beginning of the computation, executing the tasks, and then combining
the copies into a single data structure after the tasks complete. Often the
accumulation is a reduction operation, in which a collection of data elements
is reduced to a single element by repeatedly applying a binary operation such
as addition or multiplication.

In more detail, these dependencies can be managed as follows: A copy
of the data structure used in the accumulation is created on each UE. Each
copy is initialized (in the case of a reduction, to the identity element for the
binary operation—for example, zero for addition and one for multiplication).
Each task then carries out the accumulation into its local data structure,
eliminating the shared-data dependency. When all tasks are complete, the
local data structures on each UE are combined to produce the final global
result (in the case of a reduction, by applying the binary operation again).
As an example, consider the following loop to sum the elements of array f:

for(int i = 0; i< N; i++){
sum = sum + f(i);

}

This is technically a dependency between loop iterations, but if we recognize
that the loop body is just accumulating into a simple scalar variable, it can
be handled as a reduction.

Reductions are so common that both MPI and OpenMP provide support
for them as part of the API. Sec. 6.4.2 in the Implementation Mechanisms
design space discusses reductions in more detail.

Other dependencies. If the shared data cannot be pulled out of the tasks
and is both read and written by the tasks, data dependencies must be

f

2004,
page



68 Chapter 4 The Algorithm Structure Design Space

independent tasks
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Figure 4.3: Good versus poor load balance

explicitly managed within the tasks. How to do this in a way that gives
correct results and also acceptable performance is the subject of the Shared
Data pattern.

Schedule. The remaining key element to consider is the schedule—the way in
which tasks are assigned to UEs and scheduled for execution. Load balance (as
described in Chapter 2) is a critical consideration in scheduling; a design that
balances the computational load among PEs will execute more efficiently than one
that does not. Fig. 4.3 illustrates the problem.

Two classes of schedules are used in parallel algorithms: static schedules, in
which the distribution of tasks among UEs is determined at the start of the com-
putation and does not change; and dynamic schedules, in which the distribution of
tasks among UEs varies as the computation proceeds.

In a static schedule, the tasks are associated into blocks and then assigned
to UEs. Block size is adjusted so each UE takes approximately the same amount
of time to complete its tasks. In most applications using a static schedule, the
computational resources available from the UEs are predictable and stable over the
course of the computation, with the most common case being UEs that are identical
(that is, the computing system is homogeneous). If the set of times required to
complete each task is narrowly distributed about a mean, the sizes of the blocks
should be proportional to the relative performance of the UEs (so, in a homogeneous
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4.4 The Task Parallelism Pattern 69

system, they are all the same size). When the effort associated with the tasks
varies considerably, a static schedule can still be useful, but now the number of
blocks assigned to UEs must be much greater than the number of UEs. By dealing
out the blocks in a round-robin manner (much as a deck of cards is dealt among a
group of card players), the load is balanced statistically.

Dynamic schedules are used when (1) the effort associated with each task
varies widely and is unpredictable and/or (2) when the capabilities of the UEs
vary widely and unpredictably. The most common approach used for dynamic load
balancing is to define a task queue to be used by all the UEs; when a UE completes
its current task and is therefore ready to process more work, it removes a task from
the task queue. Faster UEs or those receiving lighter-weight tasks will access the
queue more often and thereby be assigned more tasks.

Another dynamic scheduling strategy uses work stealing, which works as fol-
lows. The tasks are distributed among the UEs at the start of the computation.
Each UE has its own work queue. When the queue is empty, the UE will try to
steal work from the queue on some other UE (where the other UE is usually ran-
domly selected). In many cases, this produces an optimal dynamic schedule without
incurring the overhead of maintaining a single global queue. In programming envi-
ronments or packages that provide support for the construct, such as Cilk [BJKT96],
Hood [BP99], or the FJTask framework [Lea0OOb, Leal, it is straightforward to use
this approach. But with more commonly used programming environments such as
OpenMP, MPI, or Java (without support such as the FJTask framework), this
approach adds significant complexity and therefore is not often used.

Selecting a schedule for a given problem is not always easy. Static schedules
incur the least overhead during the parallel computation and should be used when-
ever possible.

Before ending the discussion of schedules, we should mention again that while
for most problems all of the tasks are known when the computation begins and all
must be completed to produce an overall solution, there are problems for which one
or both of these is not true. In these cases, a dynamic schedule is probably more
appropriate.

Program structure. Many task-parallel problems can be considered to be loop-
based. Loop-based problems are, as the name implies, those in which the tasks are
based on the iterations of a loop. The best solutions for such problems use the
Loop Parallelism pattern. This pattern can be particularly simple to implement in
programming environments that provide directives for automatically assigning loop
iterations to UEs. For example, in OpenMP a loop can be parallelized by simply
adding a “parallel for” directive with an appropriate schedule clause (one that
maximizes efficiency). This solution is especially attractive because OpenMP then
guarantees that the resulting program is semantically equivalent to the analogous
sequential code (within roundoff error associated with different orderings of floating-
point operations).

For problems in which the target platform is not a good fit with the Loop
Parallelism pattern, or for problems in which the model of “all tasks known initially,
all tasks must complete” does not apply (either because tasks can be created during
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the computation or because the computation can terminate without all tasks being
complete), this straightforward approach is not the best choice. Instead, the best
design makes use of a task queue; tasks are placed on the task queue as they are
created and removed by UEs until the computation is complete. The overall program
structure can be based on either the Master/Worker pattern or the SPMD pattern.
The former is particularly appropriate for problems requiring a dynamic schedule.

In the case in which the computation can terminate before all the tasks are
complete, some care must be taken to ensure that the computation ends when it
should. If we define the termination condition as the condition that when true
means the computation is complete—either all tasks are complete or some other
condition (for example, an acceptable solution has been found by one task)—then
we want to be sure that (1) the termination condition is eventually met (which,
if tasks can be created dynamically, might mean building into it a limit on the
total number of tasks created), and (2) when the termination condition is met, the
program ends. How to ensure the latter is discussed in the Master/Worker and
SPMD patterns.

Common idioms. Most problems for which this pattern is applicable fall into
the following two categories.

Embarrassingly parallel problems are those in which there are no dependen-
cies among the tasks. A wide range of problems fall into this category, ranging
from rendering frames in a motion picture to statistical sampling in computational
physics. Because there are no dependencies to manage, the focus is on scheduling
the tasks to maximize efficiency. In many cases, it is possible to define schedules
that automatically and dynamically balance the load among UEs.

Replicated data or reduction problems are those in which dependencies can be
managed by “separating them from the tasks” as described earlier—replicating the
data at the beginning of computation and combining results when the termination
condition is met (usually “all tasks complete”). For these problems, the overall
solution consists of three phases, one to replicate the data into local variables, one to
solve the now-independent tasks (using the same techniques used for embarrassingly
parallel problems), and one to recombine the results into a single result.

Examples

We will consider two examples of this pattern. The first example, an image-
construction example, is embarrassingly parallel. The second example will build
on the molecular dynamics example used in several of the Finding Concurrency
patterns.

Image construction. In many image-construction problems, each pixel in the
image is independent of all the other pixels. For example, consider the well known
Mandelbrot set [Dou86]. This famous image is constructed by coloring each pixel
according to the behavior of the quadratic recurrence relation

Zni1 =22+ C (4.1)
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where C' and Z are complex numbers and the recurrence is started with Zy = C.
The image plots the imaginary part of C on the vertical axis and the real part on the
horizontal axis. The color of each pixel is black if the recurrence relation converges
to a stable value or is colored depending on how rapidly the relation diverges.

At the lowest level, the task is the update for a single pixel. First consider
computing this set on a cluster of PCs connected by an Ethernet. This is a coarse-
grained system; that is, the rate of communication is slow relative to the rate of
computation. To offset the overhead incurred by the slow network, the task size
needs to be large; for this problem, that might mean computing a full row of the
image. The work involved in computing each row varies depending on the number
of divergent pixels in the row. The variation, however, is modest and distributed
closely around a mean value. Therefore, a static schedule with many more tasks
than UEs will likely give an effective statistical balance of the load among nodes.
The remaining step in applying the pattern is choosing an overall structure for
the program. On a shared-memory machine using OpenMP, the Loop Parallelism
pattern described in the Supporting Structures design space is a good fit. On a
network of workstations running MPI, the SPMD pattern (also in the Supporting
Structures design space) is appropriate.

Before moving on to the next example, we consider one more target system,
a cluster in which the nodes are not heterogeneous—that is, some nodes are much
faster than others. Assume also that the speed of each node may not be known
when the work is scheduled. Because the time needed to compute the image for
a row now depends both on the row and on which node computes it, a dynamic
schedule is indicated. This in turn suggests that a general dynamic load-balancing
scheme is indicated, which then suggests that the overall program structure should
be based on the Master/Worker pattern.

Molecular dynamics. For our second example, we consider the computation
of the nonbonded forces in a molecular dynamics computation. This problem is
described in Sec. 3.1.3 and in [Mat95,PH95] and is used throughout the patterns in
the Finding Concurrency design space. Pseudocode for this computation is shown
in Fig. 4.4. The physics in this example is not relevant and is buried in code not
shown here (the computation of the neighbors list and the force function). The basic
computation structure is a loop over atoms, and then for each atom, a loop over
interactions with other atoms. The number of interactions per atom is computed
separately when the neighbors list is determined. This routine (not shown here)
computes the number of atoms within a radius equal to a preset cutoff distance.
The neighbor list is also modified to account for Newton’s third law: Because the
force of atom i on atom j is the negative of the force of atom j on atom i, only half
of the potential interactions need actually be computed. Understanding this detail
is not important for understanding this example. The key is that this causes each
loop over j to vary greatly from one atom to another, thereby greatly complicating
the load-balancing problem. Indeed, for the purposes of this example, all that must
really be understood is that calculating the force is an expensive operation and that
the number of interactions per atom varies greatly. Hence, the computational effort
for each iteration over i is difficult to predict in advance.
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function non_bonded_forces (N, Atoms, neighbors, Forces)
Int const N // number of atoms

Array of Real :: atoms (3,N) //3D coordinates

Array of Real :: forces (3,N) //force in each dimension
Array of List :: neighbors(N) //atoms in cutoff volume
Real :: forceX, forceY, forceZ

loop [i] over atoms

loop [j] over neighbors(i)

forceX = non_bond_force(atoms(1,i), atoms(1,j))
forceY = non_bond_force(atoms(2,i), atoms(2,j))
forceZ = non_bond_force(atoms(3,i), atoms(3,j))
force(1,i) += forceX; force(l,j) -= forceX;
force(2,i) += forceY; force(2,j) -= forceY;

force(3,i) += forceZ; force(3,j) -
end loop [j]

forceZ;

end loop [i]
end function non_bonded_forces

Figure 4.4: Pseudocode for the nonbonded computation in a typical molecular dynamics code

Each component of the force term is an independent computation, meaning
that each (i, j) pair is fundamentally an independent task. The number of atoms
tends to be on the order of thousands, and squaring that gives a number of tasks
that is more than enough for all but the largest parallel systems. Therefore, we
can take the more convenient approach of defining a task as one iteration of the
loop over i. The tasks, however, are not independent: The force array is read and
written by each task. Inspection of the code shows that the arrays are only used to
accumulate results from the computation, however. Thus, the full array can be repli-
cated on each UE and the local copies combined (reduced) after the tasks complete.

After the replication is defined, the problem is embarrassingly parallel and
the same approaches discussed previously apply. We will revisit this example in
the Master/Worker, Loop Parallelism, and SPMD patterns. A choice among these
patterns is normally made based on the target platforms.

Known uses. There are many application areas in which this pattern is useful,
including the following.

Many ray-tracing programs use some form of partitioning with individual
tasks corresponding to scan lines in the final image [BKS91].

Applications written with coordination languages such as Linda are another
rich source of examples of this pattern [BCM*91]. Linda [CG91] is a simple lan-
guage consisting of only six operations that read and write an associative (that is,
content-addressable) shared memory called a tuple space. The tuple space provides
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4.5 The Divide and Conquer Pattern 73

a natural way to implement a wide variety of shared-queue and master/worker
algorithms.

Parallel computational chemistry applications also make heavy use of this
pattern. In the quantum chemistry program GAMESS, the loops over two electron
integrals are parallelized with the task queue implied by the Nextval construct
within TCGMSG. An early version of the distance geometry program DGEOM
was parallelized with the master/worker form of this pattern. These examples are
discussed in [Mat95].

PTEP (Parallel Telemetry Processor) [NBBO01], developed by NASA as the
downlink processing system for data from a planetary rover or lander, also makes
use of this pattern. The system is implemented in Java but can incorporate compo-
nents implemented in other languages. For each incoming data packet, the system
determines which instrument produced the data, and then performs an appropri-
ate sequential pipeline of processing steps. Because the incoming data packets are
independent, the processing of individual packets can be done in parallel.

‘EEE 4.5 THE DIVIDE AND CONQUER PATTERN

Problem

Suppose the problem is formulated using the sequential divide-and-conquer strat-
egy. How can the potential concurrency be exploited?

Context

The divide-and-conquer strategy is employed in many sequential algorithms. With
this strategy, a problem is solved by splitting it into a number of smaller subprob-
lems, solving them independently, and merging the subsolutions into a solution for
the whole problem. The subproblems can be solved directly, or they can in turn be
solved using the same divide-and-conquer strategy, leading to an overall recursive
program structure.

This strategy has proven valuable for a wide range of computationally inten-
sive problems. For many problems, the mathematical description maps well onto
a divide-and-conquer algorithm. For example, the famous fast Fourier transform
algorithm [PTV93] is essentially a mapping of the doubly nested loops of the
discrete Fourier transform into a divide-and-conquer algorithm. Less well known
is the fact that many algorithms from computational linear algebra, such as the
Cholesky decomposition [ABET97, PLA], also map well onto divide-and-conquer
algorithms.

The potential concurrency in this strategy is not hard to see: Because the sub-
problems are solved independently, their solutions can be computed concurrently.
Fig. 4.5 illustrates the strategy and the potential concurrency. Notice that each
“split” doubles the available concurrency. Although the concurrency in a divide-
and-conquer algorithm is obvious, the techniques required to exploit it effectively
are not always obvious.
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Figure 4.5: The divide-and-conquer strategy

sequential

Forces

e The traditional divide-and-conquer strategy is a widely useful approach to
algorithm design. Sequential divide-and-conquer algorithms are almost trivial
to parallelize based on the obvious exploitable concurrency.

As Fig. 4.5 suggests, however, the amount of exploitable concurrency varies
over the life of the program. At the outermost level of the recursion (initial
split and final merge), there is little or no exploitable concurrency, and the
subproblems also contain split and merge sections. Amdahl’s law (Chapter 2)
tells us that the serial parts of a program can significantly constrain the
speedup that can be achieved by adding more processors. Thus, if the split and
merge computations are nontrivial compared to the amount of computation
for the base cases, a program using this pattern might not be able to take
advantage of large numbers of processors. Further, if there are many levels of
recursion, the number of tasks can grow quite large, perhaps to the point that
the overhead of managing the tasks overwhelms any benefit from executing
them concurrently.

In distributed-memory systems, subproblems can be generated on one PE
and executed by another, requiring data and results to be moved between the
PEs. The algorithm will be more efficient if the amount of data associated
with a computation (that is, the size of the parameter set and result for each
subproblem) is small. Otherwise, large communication costs can dominate the
performance.

In divide-and-conquer algorithms, the tasks are created dynamically as the
computation proceeds, and in some cases, the resulting “task graph” will have
an irregular and data-dependent structure. If this is the case, then the solution
should employ dynamic load balancing.
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func solve returns Solution; // a solution stage

func baseCase returns Boolean; // direct solution test
func baseSolve returns Solution; // direct solution
func merge returns Solution; // combine subsolutions
func split returns Problem[]; // split into subprobs

Solution solve(Problem P) {

if (baseCase(P))
return baseSolve(P);

else {
Problem subProblems[N];
Solution subSolutions[N];
subProblems = split(P);
for (int i = 0; i < N; i++)

subSolutions[i] = solve(subProblems[il);

return merge(subSolutions);

Figure 4.6: Sequential pseudocode for the divide-and-conquer algorithm

Solution

A sequential divide-and-conquer algorithm has the structure shown in Fig. 4.6. The
cornerstone of this structure is a recursively invoked function (solve()) that drives
each stage in the solution. Inside solve, the problem is either split into smaller
subproblems (using split()) or it is directly solved (using baseSolve()). In the
classical strategy, recursion continues until the subproblems are simple enough to
be solved directly, often with just a few lines of code each. However, efficiency
can be improved by adopting the view that baseSolve() should be called when
(1) the overhead of performing further splits and merges significantly degrades
performance, or (2) the size of the problem is optimal for the target system (for
example, when the data required for a baseSolve() fits entirely in cache).

The concurrency in a divide-and-conquer problem is obvious when, as is
usually the case, the subproblems can be solved independently (and hence, con-
currently). The sequential divide-and-conquer algorithm maps directly onto a task-
parallel algorithm by defining one task for each invocation of the solve()
function, as illustrated in Fig. 4.7. Note the recursive nature of the design, with
each task in effect dynamically generating and then absorbing a task for each
subproblem.

At some level of recursion, the amount of computation required for a subprob-
lems can become so small that it is not worth the overhead of creating a new task
to solve it. In this case, a hybrid program that creates new tasks at the higher levels
of recursion, then switches to a sequential solution when the subproblems become
smaller than some threshold, will be more effective. As discussed next, there are
tradeoffs involved in choosing the threshold, which will depend on the specifics of
the problem and the number of PEs available. Thus, it is a good idea to design the
program so that this “granularity knob” is easy to change.
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base-case
solve

base-case
solve

base-case
solve

base-case
solve

.

Figure 4.7: Parallelizing the divide-and-conquer strategy. Each dashed-line box represents a task.

Mapping tasks to UEs and PEs. Conceptually, this pattern follows a straight-
forward fork/join approach (see the Fork/Join pattern). One task splits the prob-
lem, then forks new tasks to compute the subproblems, waits until the subproblems
are computed, and then joins with the subtasks to merge the results.

The easiest situation is when the split phase generates subproblems that are
known to be about the same size in terms of needed computation. Then, a straight-
forward implementation of the fork/join strategy, mapping each task to a UE and
stopping the recursion when the number of active subtasks is the same as the num-
ber of PEs, works well.

In many situations, the problem will not be regular, and it is best to create
more, finer-grained tasks and use a master/worker structure to map tasks to units
of execution. This implementation of this approach is described in detail in the
Master/Worker pattern. The basic idea is to conceptually maintain a queue of
tasks and a pool of UEs, typically one per PE. When a subproblem is split, the new
tasks are placed in the queue. When a UE finishes a task, it obtains another one
from the queue. In this way, all of the UEs tend to remain busy, and the solution
shows a good load balance. Finer-grained tasks allow a better load balance at the
cost of more overhead for task management.

Many parallel programming environments directly support the fork/join con-
struct. For example, in OpenMP, we could easily produce a parallel application by
turning the for loop of Fig. 4.6 into an OpenMP parallel for construct. Then the
subproblems will be solved concurrently rather than in sequence, with the OpenMP
runtime environment handling the thread management. Unfortunately, this tech-
nique will only work with implementations of OpenMP that support true nesting of
parallel regions. Currently, only a few OpenMP implementations do so. Extending
OpenMP to better address recursive parallel algorithms is an active area of research
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in the OpenMP community [Mat03]. One proposal likely to be adopted in a future
OpenMP specification is to add an explicit taskqueue construct designed to support
the expression of recursive algorithms [SHPT00].

The FJTask framework for Java [Lea0OOb, Lea] provides support for fork/join
programs with a pool of threads backing the implementation. Several example pro-
grams using a divide-and-conquer strategy are provided with the package.

Communication costs. Because tasks are generated dynamically from a single
top-level task, a task can be executed on a different PE than the one that generated
it. In a distributed-memory system, a higher-level task will typically have the data
necessary to solve its entire problem, the relevant data must be moved to the
subproblem’s PE, and the result moved back to the source. Thus it pays to consider
how to efficiently represent the parameters and results, and consider whether it
makes sense to replicate some data at the beginning of the computation.

Dealing with dependencies. In most algorithms formulated using the divide-
and-conquer strategy, the subproblems can be solved independently from each
other. Less commonly, the subproblems require access to a common data struc-
ture. These dependencies can be handled using the techniques described in the
Shared Data pattern.

Other optimizations. A factor limiting the scalability of this pattern is the serial
split and merge sections. Reducing the number of levels of recursion required by
splitting each problem into more subproblems can often help, especially if the split
and merge phases can be parallelized themselves. This might require restructuring,
but can be quite effective, especially in the limiting case of “one-deep divide and
conquer”, in which the initial split is into P subproblems, where P is the number
of available PEs. Examples of this approach are given in [Tho95].

Examples

Mergesort. Mergesort is a well-known sorting algorithm based on the divide-
and-conquer strategy, applied as follows to sort an array of N elements.

e The base case is an array of size less than some threshold. This is sorted using
an appropriate sequential sorting algorithm, often quicksort.

e In the split phase, the array is split by simply partitioning it into two con-
tiguous subarrays, each of size N/2.

e In the solve-subproblems phase, the two subarrays are sorted (by applying
the mergesort procedure recursively).

e In the merge phase, the two (sorted) subarrays are recombined into a single
sorted array.

This algorithm is readily parallelized by performing the two recursive mergesorts
in parallel.
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This example is revisited with more detail in the Fork/Join pattern in the
Supporting Structures design space.

Matrix diagonalization. Dongarra and Sorensen ([DS87]) describe a parallel
algorithm for diagonalizing (computing the eigenvectors and eigenvalues of) a sym-
metric tridiagonal matrix 7. The problem is to find a matrix @ such that QT « T - Q
is diagonal; the divide-and-conquer strategy goes as follows (omitting the mathe-
matical details).

e The base case is a small matrix which is diagonalized sequentially.

e The split phase consists of finding matrix 7’ and vectors u, v, such that
T =T + ww”, and T’ has the form

T, 0
0 Ty

where T and T3 are symmetric tridiagonal matrices (which can be diagonal-
ized by recursive calls to the same procedure).

e The merge phase recombines the diagonalizations of 77 and T3 into a diago-
nalization of 7.

Details can be found in [DS87] or in [GL96].

Known uses. Any introductory algorithms text will have many examples of algo-
rithms based on the divide-and-conquer strategy, most of which can be parallelized
with this pattern.

Some algorithms frequently parallelized with this strategy include the Barnes-
Hut [BH86] and Fast Multipole [GG90] algorithms used in N-body simulations;
signal-processing algorithms, such as discrete Fourier transforms; algorithms for
banded and tridiagonal linear systems, such as those found in the ScalLAPACK
package [CD97,Scal; and algorithms from computational geometry, such as convex
hull and nearest neighbor.

A particularly rich source of problems that use the Divide and Conquer pat-
tern is the FLAME project [GGHvdGO1]. This is an ambitious project to recast
linear algebra problems in recursive algorithms. The motivation is twofold. First,
mathematically, these algorithms are naturally recursive; in fact, most pedagogical
discussions of these algorithms are recursive. Second, these recursive algorithms
have proven to be particularly effective at producing code that is both portable
and highly optimized for the cache architectures of modern microprocessors.

Related Patterns

Just because an algorithm is based on a sequential divide-and-conquer strategy
does not mean that it must be parallelized with the Divide and Conquer pattern.
A hallmark of this pattern is the recursive arrangement of the tasks, leading to
a varying amount of concurrency and potentially high overheads on machines for
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4.6 The Geometric Decomposition Pattern 79

which managing the recursion is expensive. If the recursive decomposition into sub-
problems can be reused, however, it might be more effective to do the recursive
decomposition, and then use some other pattern (such as the Geometric Decom-
position pattern or the Task Parallelism pattern) for the actual computation. For
example, the first production-level molecular dynamics program to use the fast
multipole method, PMD [Win95], used the Geometric Decomposition pattern to
parallelize the fast multipole algorithm, even though the original fast multipole al-
gorithm used divide and conquer. This worked because the multipole computation
was carried out many times for each configuration of atoms.

!E::‘E 4.6 THE GEOMETRIC DECOMPOSITION PATTERN

Problem

How can an algorithm be organized around a data structure that has been decom-
posed into concurrently updatable “chunks”?

Context

Many important problems are best understood as a sequence of operations on a
core data structure. There may be other work in the computation, but an effective
understanding of the full computation can be obtained by understanding how the
core data structures are updated. For these types of problems, often the best way
to represent the concurrency is in terms of decompositions of these core data struc-
tures. (This form of concurrency is sometimes known as domain decomposition, or
coarse-grained data parallelism.)

The way these data structures are built is fundamental to the algorithm. If
the data structure is recursive, any analysis of the concurrency must take this re-
cursion into account. For recursive data structures, the Recursive Data and Divide
and Conquer patterns are likely candidates. For arrays and other linear data struc-
tures, we can often reduce the problem to potentially concurrent components by
decomposing the data structure into contiguous substructures, in a manner anal-
ogous to dividing a geometric region into subregions—hence the name Geometric
Decomposition. For arrays, this decomposition is along one or more dimensions,
and the resulting subarrays are usually called blocks. We will use the term chunks
for the substructures or subregions, to allow for the possibility of more general data
structures, such as graphs.

This decomposition of data into chunks then implies a decomposition of the
update operation into tasks, where each task represents the update of one chunk,
and the tasks execute concurrently. If the computations are strictly local, that is, all
required information is within the chunk, the concurrency is embarrassingly parallel
and the simpler Task Parallelism pattern should be used. In many cases, however,
the update requires information from points in other chunks (frequently from what
we can call neighboring chunks—chunks containing data that was nearby in the
original global data structure). In these cases, information must be shared between
chunks to complete the update.
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Example: mesh-computation program. The problem is to model 1D heat
diffusion (that is, diffusion of heat along an infinitely narrow pipe). Initially, the
whole pipe is at a stable and fixed temperature. At time 0, we set both ends to
different temperatures, which will remain fixed throughout the computation. We
then calculate how temperatures change in the rest of the pipe over time. (What
we expect is that the temperatures will converge to a smooth gradient from one end
of the pipe to the other.) Mathematically, the problem is to solve a 1D differential
equation representing heat diffusion:

2

w_ oy 2
ot dx?

The approach used is to discretize the problem space (representing U by a one-
dimensional array and computing values for a sequence of discrete time steps). We
will output values for each time step as they are computed, so we need only save
values for U for two time steps; we will call these arrays uk (U at the timestep k)
and ukpl (U at timestep k + 1). At each time step, we then need to compute for
each point in array ukpl the following:

ukpl[il=uk[il+ (dt/(dx*dx))*(uk[i+1]-2*uk[i]l+uk[i-1]);

Variables dt and dx represent the intervals between discrete time steps and
between discrete points, respectively.

Observe that what is being computed is a new value for variable ukp1 at each
point, based on data at that point and its left and right neighbors.

We can begin to design a parallel algorithm for this problem by decomposing
the arrays uk and ukpl into contiguous subarrays (the chunks described earlier).
These chunks can be operated on concurrently, giving us exploitable concurrency.
Notice that we have a situation in which some elements can be updated using only
data from within the chunk, while others require data from neighboring chunks, as
illustrated by Fig. 4.8.

update requiring only local info

(ITTTTT] [II71m OO TT]

update requiring information from another chunk

Figure 4.8: Data dependencies in the heat-equation problem. Solid boxes indicate the element
being updated; shaded boxes the elements containing needed data.
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Example: matrix-multiplication program. Consider the multiplication of two
square matrices (that is, compute C'=A- B). As discussed in [FJL*88], the ma-
trices can be decomposed into blocks. The summations in the definition of matrix
multiplication are likewise organized into blocks, allowing us to write a blockwise
matrix multiplication equation

CY =) A*.BN (4.3)
k

where at each step in the summation, we compute the matrix product A* - B
and add it to the running matrix sum.

This equation immediately implies a solution in terms of the Geometric De-
composition pattern; that is, one in which the algorithm is based on decompos-
ing the data structure into chunks (square blocks here) that can be operated on
concurrently.

To help visualize this algorithm more clearly, consider the case where we
decompose all three matrices into square blocks with each task “owning” corre-
sponding blocks of A, B, and C. Each task will run through the sum over k to
compute its block of ', with tasks receiving blocks from other tasks as needed.
In Fig. 4.9, we illustrate two steps in this process showing a block being updated
(the solid block) and the matrix blocks required at two different steps (the shaded
blocks), where blocks of the A matrix are passed across a row and blocks of the
B matrix are passed around a column.

Forces

e To exploit the potential concurrency in the problem, we must assign chunks
of the decomposed data structure to UEs. Ideally, we want to do this in a way
that is simple, portable, scalable, and efficient. As noted in Sec. 4.1, however,
these goals may conflict. A key consideration is balancing the load, that is,
ensuring that all UEs have roughly the same amount of work to do.

e We must also ensure that the data required for the update of each chunk is
present when needed. This problem is somewhat analogous to the problem

I e
I N B [ |
Outm 0Oo0m
| e N I [

update, step 1 update, step 2

Figure 4.9: Data dependencies in the matrix-multiplication problem. Solid boxes indicate the
"chunk" being updated (C); shaded boxes indicate the chunks of A (row) and B (column) required
to update C at each of the two steps.
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of managing data dependencies in the Task Parallelism pattern, and again
the design must keep in mind the sometimes-conflicting goals of simplicity,
portability, scalability, and efficiency.

Solution

Designs for problems that fit this pattern involve the following key elements: parti-
tioning the global data structure into substructures or “chunks” (the data decom-
position), ensuring that each task has access to all the data it needs to perform
the update operation for its chunk (the exchange operation), updating the chunks
(the update operation), and mapping chunks to UEs in a way that gives good
performance (the data distribution and task schedule).

Data decomposition. The granularity of the data decomposition has a signif-
icant impact on the efficiency of the program. In a coarse-grained decomposition,
there are a smaller number of large chunks. This results in a smaller number of
large messages, which can greatly reduce communication overhead. A fine-grained
decomposition, on the other hand, results in a larger number of smaller chunks, in
many cases leading to many more chunks than PEs. This results in a larger number
of smaller messages (and hence increases communication overhead), but it greatly
facilitates load balancing.

Although it might be possible in some cases to mathematically derive an
optimum granularity for the data decomposition, programmers usually experiment
with a range of chunk sizes to empirically determine the best size for a given system.
This depends, of course, on the computational performance of the PEs and on the
performance characteristics of the communication network. Therefore, the program
should be implemented so that the granularity is controlled by parameters that can
be easily changed at compile or runtime.

The shape of the chunks can also affect the amount of communication needed
between tasks. Often, the data to share between tasks is limited to the boundaries
of the chunks. In this case, the amount of shared information scales with the surface
area of the chunks. Because the computation scales with the number of points within
a chunk, it scales as the volume of the region. This surface-to-volume effect can
be exploited to maximize the ratio of computation to communication. Therefore,
higher-dimensional decompositions are usually preferred. For example, consider two
different decompositions of an N by N matrix into four chunks. In one case, we
decompose the problem into four column chunks of size N by N/4. In the second
case, we decompose the problem into four square chunks of size N/2 by N/2. For
the column block decomposition, the surface area is 2N + 2(N/4) or 5N /2. For
the square chunk case, the surface area is 4(N/2) or 2N. Hence, the total amount
of data that must be exchanged is less for the square chunk decomposition.

In some cases, the preferred shape of the decomposition can be dictated by
other concerns. It may be the case, for example, that existing sequential code can
be more easily reused with a lower-dimensional decomposition, and the potential
increase in performance is not worth the effort of reworking the code. Also, an in-
stance of this pattern can be used as a sequential step in a larger computation. If
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the decomposition used in an adjacent step differs from the optimal one for this pat-
tern in isolation, it may or may not be worthwhile to redistribute the data for this
step. This is especially an issue in distributed-memory systems where redistribut-
ing the data can require significant communication that will delay the computation.
Therefore, data decomposition decisions must take into account the capability to
reuse sequential code and the need to interface with other steps in the computa-
tion. Notice that these considerations might lead to a decomposition that would be
suboptimal under other circumstances.

Communication can often be more effectively managed by replicating the non-
local data needed to update the data in a chunk. For example, if the data structure
is an array representing the points on a mesh and the update operation uses a
local neighborhood of points on the mesh, a common communication-management
technique is to surround the data structure for the block with a ghost boundary to
contain duplicates of data at the boundaries of neighboring blocks. So now each
chunk has two parts: a primary copy owned by the UE (that will be updated di-
rectly) and zero or more ghost copies (also referred to as shadow copies). These ghost
copies provide two benefits. First, their use may consolidate communication into
potentially fewer, larger messages. On latency-sensitive networks, this can greatly
reduce communication overhead. Second, communication of the ghost copies can
be overlapped (that is, it can be done concurrently) with the update of parts of
the array that don’t depend on data within the ghost copy. In essence, this hides
the communication cost behind useful computation, thereby reducing the observed
communication overhead.

For example, in the case of the mesh-computation example discussed earlier,
each of the chunks would be extended by one cell on each side. These extra cells
would be used as ghost copies of the cells on the boundaries of the chunks. Fig. 4.10
illustrates this scheme.

The exchange operation. A key factor in using this pattern correctly is en-
suring that nonlocal data required for the update operation is obtained before it is
needed.

If all the data needed is present before the beginning of the update opera-
tion, the simplest approach is to perform the entire exchange before beginning the
update, storing the required nonlocal data in a local data structure designed for
that purpose (for example, the ghost boundary in a mesh computation). This ap-
proach is relatively straightforward to implement using either copying or message
passing.

More sophisticated approaches in which computation and communication
overlap are also possible. Such approaches are necessary if some data needed for
the update is not initially available, and may improve performance in other cases

Figure 4.10: A data distribution with ghost boundaries. Shaded cells are ghost copies; arrows point
from primary copies to corresponding secondary copies.
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as well. For example, in the example of a mesh computation, the exchange of ghost
cells and the update of cells in the interior region (which do not depend on the
ghost cells) can proceed concurrently. After the exchange is complete, the bound-
ary layer (the values that do depend on the ghost cells) can be updated. On systems
where communication and computation occur in parallel, the savings from such an
approach can be significant. This is such a common feature of parallel algorithms
that standard communication APIs (such as MPI) include whole classes of message-
passing routines to overlap computation and communication. These are discussed
in more detail in the MPI appendix.

The low-level details of how the exchange operation is implemented can have
a large impact on efficiency. Programmers should seek out optimized implementa-
tions of communication patterns used in their programs. In many applications, for
example, the collective communication routines in message-passing libraries such
as MPI are useful. These have been carefully optimized using techniques beyond
the ability of many parallel programmers (we discuss some of these in Sec. 6.4.2)
and should be used whenever possible.

The update operation. Updating the data structure is done by executing the
corresponding tasks (each responsible for the update of one chunk of the data
str